The cross sections for the ν−d andν−d reactions are calculated for the incident energy up to E ν = 170 MeV, with the use of a phenomenological Lagrangian approach. We assess and improve the reliability of the employed calculational method by examining the dependence of the results on various input and approximations that go into the calculation. The main points of improvements over the existing work are: (1) use of the "modern" NN potentials;
I. INTRODUCTION
The neutrino-deuterium reactions 1 have been studied extensively over the past decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Recent detailed studies are strongly motivated by the proposal and successful start of the Sudbury Neutrino Observatory (SNO) [13] , which uses a large underground heavywater Cerenkov counter. One of the primary goals of SNO is to study the solar neutrinos by monitoring three reactions occurring in heavy water: (i) ν − e scattering, ν e + e − → ν e + e − ; (ii) the charged-current (CC) reaction, ν e + d → e − + p + p; (iii) the neutralcurrent (NC) reaction, ν x + d → ν x + n + p, where ν x stands for a neutrino of any flavor.
The unique feature of SNO is its ability to register the CC and NC reactions separately but simultaneously. Since the NC reaction measures the total flux of the solar neutrinos (regardless of their flavors), SNO experiments offer valuable information about the nature of possible neutrino oscillation. SNO is also capable of monitoring astrophysical neutrinos the energy of which extends well beyond the solar neutrinos energy regime, a prominent example being supernova neutrinos. Obviously, in interpreting experimental results to be obtained at SNO, the accurate knowledge of the ν −d reaction cross sections is a prerequisite.
Although the ν − e scattering cross section is readily available from the standard model, estimation of the neutrino-deuteron reaction cross sections requires a detailed examination of the structure of two-nucleon systems and their responses to electroweak probes.
In describing the current theoretical situation regarding the ν−d cross sections, it is useful to consider the ν − d reactions in a broader context of the general responses of two-nucleon systems to electroweak probes. A highly successful method for describing these responses is to consider one-body impulse approximation terms and two-body exchange-current terms acting on non-relativistic nuclear wave functions, with the exchange currents derived from a one-boson exchange model. In a modern realization of this approach [14] [15] [16] , the vertices characterizing relevant Feynman diagrams are determined, as much as possible, with the use of the low-energy theorems and current algebra. Some coupling constants are inferred from models (the quark model, SU(3), SU(6), etc.). In the present work we refer to this type of formalism as the phenomenological Lagrangian approach (PhLA). This formalism has been used extensively for electromagnetic processes in two nucleon systems [17] [18] [19] . The reported good agreement between theory and experiment gives a strong hint of the basic soundness of PhLA. This method has also been applied to two-nucleon weak-interaction processes such as muon capture on the deuteron [6, 20, 21] , the pp-fusion reaction [20, 22] , and the ν − d
reactions. For the muon capture, the calculated capture rate agrees reasonably well with the experimental value, again rendering support for the basic legitimacy of PhLA. (For the pp fusion there is unfortunately no data available.)
For the neutrino-deuterium reactions, the most detailed study within the framework of the impulse approximation (IA) has been done by Ying, Henley and Haxton (YHH) [8] ,
while the most elaborate PhLA calculations including the exchange-current effects as well as the IA terms have been carried out in [6] [7] [8] [9] , and the latest status is described in [10] , to be referred to as KN. 2 In the solar neutrino energy regime, the cross sections given in KN are slightly larger than those of YHH. This difference, however, is mostly due to the absence of the exchange-current contributions in YHH. As far as comparison with data is concerned, Tatara et al.'s estimate [6] of σ(ν e + d → e − + p + p) averaged over the Michel spectrum of ν e agrees with the result of a stopped-pion-beam experiment [23] within large experimental errors (30%). Furthermore, the result of a Bugey reactor neutrino experiment [24] agrees, within 10% experimental errors, with the values of σ(ν e + d → e + + n + n) and σ(ν e + d →ν e + p + n) given in KN. Thus PhLA seems to provide a reasonably reliable framework for calculating the neutrino-deuteron cross sections.
Meanwhile, a new approach based on effective field theory (EFT) has been scoring great success in describing low-energy electroweak processes in the two-nucleon systems [25] [26] [27] [28] [29] [30] .
In particular, the rate of thermal neutron radiative capture on the proton (n + p → d + γ)
has been calculated in chiral perturbation theory (χPT) and the result is found to be in perfect agreement with the data [25] . Butler and Chen [11] and Butler, Chen and Kong [12] have recently made extremely elaborate studies of ν − d cross sections for the solar neutrino energies with the use of EFT. The results of their EFT calculation agree with those of PhLA in the following sense. In an EFT approach, one starts with a general effective Lagrangian, L ef f , that contains all possible terms compatible with given symmetries and a given order of expansion; the coefficient of each term in L ef f is called the low-energy coefficient (LEC).
Now, it often happens that some LEC's cannot be fixed by the symmetry requirements alone and hence need to be treated as parameters to be determined empirically. In [11, 12] , the coefficient L 1A of a four-nucleon axial-current counter term enters as an unknown parameter, although dimensional arguments suggest −6 fm 3 ≤ L 1A ≤ +6 fm 3 . According to [11] Bahcall, Krastev and Smirnov [31] have recently studied in great detail the consequences of measurements of various observables at SNO. As input for their analysis, the ν e −d reaction cross sections of YHH and KN are used, and the difference between these two calculations are assumed to represent 1σ theoretical errors. According to [31] , uncertainties in the ν − d cross sections represent the largest ambiguity in most physics conclusions obtainable from the SNO observables, a feature that again points to the importance of reducing the uncertainty in the ν − d reaction cross sections.
In the present article we carry out, within the framework of PhLA, a detailed study of the cross sections for the charged-current (CC) and neutral-current (NC) reactions of neutrinos and anti-neutrinos with the deuteron:
It is our view that, in calculating the low-energy ν − d cross sections, EFT and PhLA play complementary roles. EFT, being a general framework, is capable of giving modelindependent results, provided all the LEC's in an effective Lagrangian L ef f are predeter-
though PhLA is a model approach, its basic idea and the parameters contained in it have been tested using many observables. Thus, insofar as one accepts the validity of these tests, PhLA has predictive power. It is reassuring that, as mentioned, there is highly quantitative correspondence [11, 12] between the low-energy ν − d cross sections obtained in PhLA and those of EFT within a reasonable range for L 1A . In this article we wish to investigate several key aspects of PhLA in more depth than hitherto reported.
Beyond the solar neutrino energy regime, PhLA is at present the only available formalism for evaluating the ν −d cross sections. The EFT calculation in [11, 12] , by design, "integrates out" all the degrees of freedom but that of the heavy baryon. The nature of this socalled "nucleon-only" EFT limits its applicability to very low incident neutrino energies (typically the solar neutrino energies). 4 On the other hand, there is no obvious conceptual obstacle in using PhLA in an energy regime significantly higher than that of the solar neutrinos. Therefore, once the reliability of PhLA is tested at low energies by comparison with experimental data or with the results of EFT, it is rather natural to use PhLA for higher energies as well. In this sense, too, EFT and PhLA seem to play complementary roles (at least, in the current status of the matter).
Our main goals here is to assess and improve the reliability of the PhLA calculation of the have not been systematic descriptions of the differential cross sections. We therefore discuss in detail the energy spectrum, angular distribution and double differential cross sections of the final lepton in the CC reaction and also the energy spectrum and angular distribution of the final neutron in the NC reaction. It is hoped that, the detailed information given here on these differential cross sections will be useful in analyzing SNO and other experiments.
In the low energy regime relevant to the solar neutrinos, our results are found to agree very well with those of KN. We argue that this and additional results reported in this article allow us to assign smaller theoretical errors to the ν − d cross sections than assumed by Bahcall et al. [31] . For higher energies, the present calculation gives ν − d total cross sections larger than those of KN by up to 6%; we shall discuss the origin of this variance.
The organization of the rest of this article is as follows. After giving in Sec. II a brief to be done.
account of the general framework of our PhLA, we describe in Sec. III the calculational details, including the multipole expansion of the nuclear currents, and expressions for the cross sections for ν − d reactions. The numerical results are presented in Sec. IV, and discussion and summary are given in Sec. V. Some kinematical formulae necessary for calculating phase space integrals are given in Appendix.
II. FORMALISM
We are concerned with the ν/ν − d reactions listed in Eq.(1)-Eq.(4). The four-momenta of the participating particles are labeled as
where ℓ corresponds to e ± for the CC reactions [Eqs. (1), (3)], and to ν orν for the NC reactions [Eqs. (2), (4)]. The energy-momentum conservation reads k + P = k ′ + P ′ with
, and we denote a momentum transfer from lepton to nucleus by
In the laboratory system to be used throughout this work, we write
The interaction Hamiltonian for semileptonic weak processes is given by the product of the hadron current (J λ ) and the lepton current (L λ ) as
for the CC process and
5 Throughout we use the Bjorken and Drell convention for the metric and Dirac matrices, except that we adopt the Dirac spinor normalized as u † u = 1.
for the NC process. Here G F = 1.166 × 10 −5 GeV −2 is the Fermi coupling constant, and cos θ C = 0.9749 is the Cabibbo angle.
The lepton current is given by
and its matrix element is written as
The hadronic charged current has the form
where V λ and A λ denote the vector and axial-vector currents, respectively. The superscript +(−) denotes the isospin raising (lowering) operator for theν(ν)-reaction. Meanwhile, according to the standard model, the hadronic neutral current is given by
where θ W is the Weinberg angle with sin 2 θ W = 0.2312. V A. Impulse approximation current
The IA current is determined by the single-nucleon matrix elements of J λ . The nucleon matrix elements of the currents are written as
where M N is the average of the masses of the final two nucleons. For the third component of the isovector current, we simply replace τ ± with
. For the isoscalar current
The non-relativistic forms of the IA currents are given by
It is useful to rewrite p i + p ′ i = q + P ± 2p N , where the +(−) sign corresponds to i = 1 (i = 2), and the derivative operator p N should act on the deuteron wave function; in the laboratory system we are working in, we have P = 0.
As for the q 2 µ dependence of the form factors we use the results of the latest analyses in [32, 33] :
with
where µ p = 2.793,
and m π is the pion mass.
B. Exchange currents
As mentioned, we use a phenomenological Lagrangian approach (PhLA) to estimate the contributions of meson-exchange (MEX) currents. In a PhLA due to Ivanov and Truhlik [15] , the MEX operators are derived in a hard pion approach [34] , in which one explicitly constructs a phenomenological Lagrangian consistent with current algebra, PCAC, and the vector meson dominance. This Lagrangian was used by Tatara et al. [6] in their calculations for µ − d capture and the ν − d reactions [6] . Meanwhile, the studies by Doi et al. [7, 21] indicate that only a small subset of the possible diagrams gives essentially the same results as the full set. Based on this experience, we consider here the following types of exchange currents.
Axial-vector current
The axial vector exchange current, A 
We therefore need only consider the non-pole part. For the time component it is known that one-pion exchange diagram gives the most important contribution, called the KDR current [35] . The explicit form of the KDR current, with a vertex form factor supplemented, reads
with r = r 1 − r 2 and ω π = q ′2 + m 2 π . For the space component, we take account of the isobar current,Ā ± ∆ , that arises from one-pion and one-ρ-meson exchange diagrams. Its explicit form is
with ω ρ = q ′2 + m 2 ρ and m ρ is the mass of ρ-meson. For the third component of the isovector current, we just replace τ
, respectively.
(This prescription will be applied to other exchange currents as well.) The numerical values of the pion coupling constants can be determined from low-energy pion-nucleon scattering [36] , while the ρ-meson coupling constants are deduced from the quark model:
Furthermore, we assume that the q 2 -dependence of the vertex form factors, K mN (q 2 ) and
ρ +q 2 , with cutoff masses, Λ π = 1.18 GeV and Λ ρ = 1.45 GeV [37] . We use the above-listed values of coupling constants and form factors as our standard parameters.
Vector current
Regarding the vector exchange currents, we first note that the exchange currents for the time component must be small, since the exchange currents for charge vanish in the static limit. As for the space component, we take into account pair, pionic, and isobar currents.
If we adopt the one-pion exchange model for the pair and pionic current and the one-pion and one-ρ-meson exchange model for the isobar current, their explicit forms are given as
i .
C. Nucleon-nucleon potential
In PhLA, the nuclear transition matrix elements are obtained by sandwiching the onebody IA and two-body MEX currents between the initial and final nuclear wave functions which obey the Schrödinger equation that involves a phenomenological nucleon-nucleon potential. The earlier work [6, 7] indicates that, so long as we use a realistic NN potential that reproduces with sufficient accuracy the scattering phase shifts and the deuteron properties, the numerical results for the ν − d cross sections are not too sensitive to particular choices of NN potentials. It seems worthwhile to further check this stability for the modern potentials that were not available at the time of the work described in [6, 7] . As representatives of the "state-of-the-art" NN potentials, we consider in this work the following three: the Argonne-v18 potential (ANLV18) [38] , the Reid93 potential [39] , and the Nijmegen II potential (NIJ II) [39] . For the sake of definiteness, however, we treat ANLV18 as a primary representative. We shall compare our results with those obtained with the use of the more traditional potentials.
D. Monitoring the reliability of the model
Although, as mentioned, there is by now a rather long list of experimental and theoretical work that points to the basic robustness of PhLA calculations, it is desirable to monitor the reliability of our model by simultaneously studying reactions that are closely related to the ν − d reactions and for which experimental data is available. It turns out that the πN∆ vertex that features in the dominant exchange current for the ν − d reaction appears also in the np → γd reaction, for which experimental cross sections are known for a wide range of the incident energy, from the thermal neutron energy up to the pion-production threshold.
We therefore calculate here both ν − d reaction and np → γd cross sections in the same formalism and use the latter to gauge (at least partially) the reliability of our model.
III. CALCULATIONAL METHODS

A. Multipole expansion of hadron current
To evaluate the two-nucleon matrix element of the hadron current, we first separate the center-of-mass and relative wave functions,
where r = r 1 − r 2 and R = r 1 +r 2 2
, and ψ d and ψ p ′ represent, respectively, the deuteron wave function and a scattering-state wave function with asymptotic relative momentum p ′ . Then the matrix element of the hadron current for charged-current reaction is given by
As for the neutral-current reaction, we just replace J CC λ with J N C λ . In the following equations, J λ without superscript applies for both NC and CC. Eliminating the dependence of the current J λ (x) on the center-of-mass coordinate, R, we can write
where
We now introduce the standard multipole expansion of the nuclear currents [40] . The multipole operator for the time component of a current is defined by
where j J (qx) is the spherical Bessel function of order J, q ≡ |q|, andx ≡ x/|x|. The electric and magnetic multipole operators are defined by
where Y JLM (x) are vector spherical harmonics. The longitudinal multipole operator is defined by
Using the conservation of the vector current, the longitudinal multipole operator of the vector current can be related to the charge density operator as
An explicit form of the electric multipole operator for the vector current is given by
Here again we can use the current conservation to rewrite Eq.(43) into a form that has the correct long wavelength limit of an electric multipole operator:
B. Cross sections
As explained earlier, we calculate the cross sections for ν/ν(k)
2 ) in the laboratory system. Following the standard procedure, we obtain the cross section for the CC reaction as
and the cross section for the NC reaction as
The matrix elements, l λ and j λ , have been defined in Eq. (10) and in Eq. (36), respectively.
In Eq. (45), we have included the Fermi function F (Z, E ′ ℓ ) [41] to take into account the Coulomb interaction between the electron and the nucleons. In fact, this factor is relevant only to the ν e + d → e − + p + p reaction, for which we should use
Substitution of the multipole operators defined in Eq.(38) ∼Eq.(41) leads to
where the lepton matrix elements are given as
To proceed, we use a scattering wave function of the following form:
where χ S (η T ) is the two-nucleon spin (isospin) wave function with total spin S (isospin T ).
The above wave function is normalized in such a manner that, in the plane wave limit, it
The partial wave expansion of the scattering wave function [Eq.(52)] gives
where m d is the z-component of the deuteron angular momentum. We have used here a simplified notation
for the reduced matrix element defined by
where O JoMo are the multipole operators that appear in Eq.(38)∼(41).
Cross sections for charged-current reaction
For the CC reaction, observables of interest are the total cross section and the lepton differential cross sections. We therefore integrate Eq.(45) over the momenta of the final two nucleons. The evaluation of the phase space integrals and the relevant kinematics are briefly described in the Appendix. According to the Appendix, Eq.(45) leads to
In the above, sign corresponds to the ν (ν) reaction. The appearance of the factorJ in Eq.(59) needs an explanation. As discussed in the Appendix, when relativistic kinematics is adopted, there arises a Jacobian, J, associated with the introduction of p ′ but it is a good approximation to useJ, the angle-averaged value of J.
For the total cross section, the use of relativistic kinematics gives
where T is the kinetic energy of the final NN relative motion and θ L is the lepton scattering angle cos θ L =k ·k ′ in the laboratory frame. If instead we use non-relativistic kinematics, the results would be
where M N i is the mass of the i-th nucleon, and M r is the reduced mass of the final NN system.
Eq.(59) also leads to the double differential cross sections for the ν e + d → e − + p + p reaction:
The electron energy spectrum and the electron angular distribution are obtained from
2. Cross sections for neutral-current reaction
The total cross section for the NC reaction can be calculated in essentially the same manner as above. The result is
where |M| 2 is given by Eq.(60) with, however, the charged current replaced by the neutral current. By contrast, in calculating neutron differential cross sections we can no longer integrate over the relative momentum of the final nucleons. We therefore work with the following expressions:
where we have indicated explicitly averaging over the initial spin and summing over the final spins. The energy and momentum of the final proton (neutron) are denoted by (E
with α = p (α = n); T n is the kinetic energy of the neutron. The neutron energy spectrum and the neutron angular distribution are then evaluated as
The calculation of the total cross section for the np → γd reaction follows essentially the same pattern as that of the ν − d total cross section, and therefore we forgo its description.
IV. NUMERICAL RESULTS
A. Radiative capture of neutron on proton
To test the nuclear currents and wave functions used, we first discuss the capture rate for np → γd. Thermal neutron capture is a well known case for testing exchange currents [17, 18] . This reaction is dominated by the isovector magnetic dipole transition from the 1 S 0 np scattering state. With the use of the ANLV18 potential, our PhLA calculation gives σ(np → γd) = 335.1 mb, with both the IA and MEX currents included. This is in good agreement with the experimental value, σ(np → γd) exp = 334.2 ± 0.5 mb [42] . With the IA contribution alone, our result would be σ(np → γd) IA = 304.5 mb. The 10% contribution of the exchange current is due to the pion, pair and ∆-currents.
Going beyond the thermal neutron energy regime, we give in Fig.1 the calculated σ(np → γd) as a function of the incident neutron kinetic energy, T n . The experimental data in Fig.1 have been obtained from either the neutron capture reaction itself [43] or its inverse process [44, 45] , using detailed balance for the latter. We can see that our results describe very well the energy dependence of σ(np → γd) exp all the way up to T n ≈ 100 MeV. The figure indicates that the electric dipole amplitude starts to become important around T n =100 keV. In the higher energy region we should expect deviations from the long-wave length limit of the electric dipole operator, and therefore the good agreement of our results with the data suggests that the description of the electric multipole is also satisfactory. 6 The fact that our PhLA calculation with no ad hoc adjustment of the input parameters is capable of reproducing σ(np → γd) exp for a very wide range of the incident energy gives us a reasonable degree of confidence in the basic idea of PhLA and the input parameters used. 7 Of course, strictly speaking, the electromagnetic and weak-interaction processes do not probe exactly the same sectors of PhLA, but the remarkable success with σ(np → γd) gives, at least, partial justification of our PhLA as applied to weak-interaction reactions. Noting that the dominant axial MEX current due to ∆-excitation is related to the ∆-excitation MEX current for the vector current (we need only replace (f V +f M )/2M N with f A ), we evaluate the former with the same input parameters as used in calculating σ(np → γd).
B. Cross sections of ν − d reactions
We now present our numerical results for the ν(ν) − d reactions. In what follows, the "standard run" represents our full calculation with the following features. The ANLV18
potential [38] is used to generate the initial and final two-nucleon states and the final two- 6 Since our treatment here does not include pion production, our results should be taken with caution above the pion production threshold. 7 Another similar success of PhLA is known in the d(e, e ′ )np reaction [18] .
nucleon partial waves are included up to J = 6. For the transition operators, we use the IA and MEX operators described in Sec. II; the Siegert theorem is invoked for the electric part of the vector current. As regards the single-nucleon weak-interaction form factors, we employ the most updated parameterization given in Eqs. (22)- (28) . The final two-nucleon system is treated relativistically in the sense explained in Appendix. 8 Our numerical results will be given primarily for our standard run; other cases are presented mostly in the context of examining the model dependence.
Total cross sections for ν − d andν − d reactions
We give in TABLE I and Fig.2 the total cross sections, obtained in our standard run, for the four reactions:
The cross sections are given as functions of E ν , the incident ν/ν energy, from the threshold to E ν = 170 MeV.
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It should be mentioned that towards the highest end of E ν considered here, pion production sets in but the present calculation does not include it.
It is informative to decompose the total cross section into partial-wave contributions.
TABLE II shows the relative importance of the two lowest partial waves in the final twonucleon state; denoting the contributions to the total cross section from the 1 S 0 and 3 P J states by σ( 1 S 0 ) and J σ( 3 P J ), respectively, we give in TABLE II the ratios, σ(
and 2 J=0 σ( 3 P J )/σ(all), as functions of E ν . Here σ(all) denotes the sum of the contributions of all the partial waves; in fact, it is sufficient to include up to J = 6 even for E ν = 170
MeV, where the summed contribution of higher partial waves (J > 6) is found to be less than 1%. The table reconfirms that, in the low-energy region, the Gamow-Teller (GT) amplitude 8 We must emphasize that our calculation takes account of "relativity" only in certain aspects of kinematics. Going beyond this is out of the scope of this paper. 9 The numerical results reported in this article are available in tabular and graphical forms at the web site: <http://nuc003.psc.sc.edu/˜kubodera/NU-D-NSGK>.
due to the 1 S 0 final state gives a dominant contribution. It is therefore important to take into account the ∆-excitation axial-vector current, which gives a main correction to the IA current. As mentioned, in our approach, the coupling constant determining the ∆-excitation MEX current is controlled by the np → γd amplitude. As E ν increases, the 3 P J final states become as important as the 1 S 0 state, and therefore 1 − type multipole operators arising from the vector as well as axial-vector currents start to play a significant role. In this sense it is reassuring that the validity of our model for the electric dipole matrix element in this energy region has been tested in the photo-reaction.
Turning now to TABLE III, we give in the second column labeled "IA", the ratio of the total cross section obtained with the use of the IA terms alone to that of our standard run.
We see that, at the low energies, the MEX contribution is about 5% of the IA contribution.
As E ν increases, the relative importance of the MEX current contribution augments and it can reach as much as 8% in the high energy region. We also have found that the Siegert theorem allows us to take into account implicitly most part of the MEX for the vector current. At high energies, whether or not one implements the Siegert theorem leads to 1%
difference. The MEX for the axial-charge is found to be very small for the entire energy range considered here.
In order to compare our cross sections with those of the previous work, we give in TABLE III the ratios of the cross sections reported in YHH [8] and in KN [10] to those of our standard run; the third column gives σ(YHH)/σ(standard run), while the fourth column shows σ(KN)/σ(standard run). In the solar neutrino energy region, one can see that the results of our standard run agree with those of KN [10] within 1% except for the ν e d → e − pp reaction near threshold, wherein the discrepancy can reach 2%. As the incident energy becomes higher, our results start to be somewhat larger than those of KN, and the difference becomes about 6% towards the higher end of E ν . This variance arises largely from the cutoff mass in the form factor G A (q 2 ), which accounts for 3-4% difference. 10 The remaining ∼2% difference is due to our use of relativistic kinematics and the inclusion of the contributions from higher partial waves and from the isoscalar current which were ignored in the previous study. We have done an additional calculation by running our code adopting the same approximations and the same input parameters as in KN, and confirmed that the results agree with those of KN within 1%.
11
On the other hand, the cross sections of YHH [8] are about 5% smaller than those of our standard run even at the low energy. This reflects the fact that YHH did not include the MEX contributions (except for the term that could be incorporated via the extended Siegert theorem). Indeed, comparison of the YHH cross sections with the entries in the second column labeled "IA" in TABLE III indicates that, if we drop the explicit MEX terms in our calculation, the resulting cross sections in the solar energy region agree with those of YHH within ∼1%.
We next consider the NN-potential dependence of the cross sections. The fifth column labeled "Reid93" in TABLE III gives the ratio of the total cross section obtained with the use of the Reid93 potential [39] to that of our standard run; the sixth column gives a similar ratio for the case of the NIJ II potential [39] . We note that the dependence on the nuclear potentials is within 1% for all the reactions and for the entire energy region under study.
10
The value of m A in [33] was deduced from an experiment involving a deuteron target and therefore it may involve nuclear effects. It seems worthwhile to reanalyze the data taking into account possible nuclear effects. Another potentially useful source of information on m A is lowenergy pion electroproduction [46] . 11 The precision of our numerical computation of the cross sections is also 1%.
12 There is 2% variance for theν e d → e + nn cross section near threshold (not shown here); this is however very likely to be attributable to the fact that the n-n scattering length is not exactly reproduced by the potentials other than ANLV18.
Since all the potentials used here describe the NN scattering data to a satisfactory degree, it is probably not extremely surprising that all these modern realistic NN potentials give essentially identical results for ν − d cross sections, but the present explicit confirmation is reassuring.
In our calculation the strength of the ∆-excitation exchange current, which contributes both to the Gamow-Teller and M1 transitions, is monitored by the empirical values for σ(np → γd). Meanwhile, Carlson et al. [22] , in estimating the solar pp-fusion cross section, used the tritium β-decay rate to fine-tune the πN∆ coupling constant that features in the Gamow-Teller exchange current. This method turns out to yield somewhat "quenched" ∆-excitation MEX effects in the pp fusion. It is therefore of interest to study the consequences of this second method for the ν − d reactions. In the last column labeled "∆(CRSW)" of TABLE III, we give the ratio of the cross sections obtained with the use of the ∆-current employed in [22] to those of our standard run. In the solar energy region this ratio is found to be 0.96 -0.97, or the MEX contribution relative to the IA term is 2%, instead of 5% found in our standard run. This reduction is primarily due to the smaller πN∆ coupling constant in [22] . At higher neutrino energies, the use of the the ∆-current employed in [22] leads to a ∼4% MEX effect relative to the IA term, to be compared with the ∼8% effect found in our standard run. Thus, in general, if we adopt the approach taken in [22] , the importance of the MEX effect relative to the IA contribution will be reduced by a factor of ∼2 as compared with the result of our standard run.
As emphasized by Bahcall et al. [31], one of the crucial quantities in neutrino oscillation studies at the SNO is the double ratio [NC]/[CC], where [NC] ([CC]) itself is the ratio
of the observed neutrino absorption rate to the standard theoretical estimate for the NC (CC) reaction rate. This implies that the reliability of theoretical estimates for the ratio
is extremely important. We give in Table IV the values of R resulting from the various models considered in this paper. Since our primary interest here is to examine the model dependence of R, we choose, in Table IV, to normalize R by R standard run , the value corresponding to our standard run; R standard run itself is shown in the second column of the table. We learn from Table IV that all the models studied give essentially the same R; deviations from R standard run are at most ∼1%. Thus, the largest source of model dependence in our work due to the ∆-exchange current cancels out by taking the ratio between the NC and CC reactions.
Differential cross sections for the electron
We now discuss three types of electron differential cross sections for the ν e +d → e − +p+p reaction: (i) the energy spectrum, dσ/dE ′ e in Eq. (64), (ii) the electron angular distribution, dσ/dΩ k ′ in Eq.(64), and (iii) the electron double differential cross sections,
Eq.(63). Although this kind of information must be implicitly contained in the computer codes used in the existing work [6] [7] [8] [9] [10] , its explicit tabulation has been lacking in the literature. It seems very useful to make these differential cross sections readily available to our research community. However, a trivial but nonetheless serious problem is that the required amount of tabulation is enormous. We therefore present here some representative results, relegating the bulk of tabulation to a web site. 13 For four values of the incident neutrino energies, E ν = 5, 10, 20 and 150 MeV, we give the electron-energy spectra, dσ/dE ′ e , in Fig.3 and the electron angular distribution, dσ/dΩ k ′ , in Fig.4 . We note that the electron spectrum in Fig.3 exhibits a "cusp-like" structure for E ν =150 MeV. This feature, which is in fact common for E ν ≥ 100 MeV, probably calls for an explanation. For a given value of E ν , we can separate the electron energy E ′ e into two ranges: 14 See the Appendix.
a cusp in the mathematical sense. Enlarging the scale of the abscissa, we can confirm that the actual curve is a rapidly changing but non-singular one. It turns out that for higher values of E ν we need more scale enlargement before the curve starts looking smooth to the eye. This is the reason why, for a fixed abscissa scale (as adopted in our illustration), the case corresponding to the high incident energy tends to exhibit more "cusp-like" behavior.
Regarding the electron angular distribution (Fig.4) , we note that at low neutrino energies the electrons are emitted in the backward direction, carrying most of the available energy.
The angular distributions for the lower incident energies are reminiscent of that for a GamowTeller β-decay between two bound states. If we simplify the expression for the electron differential cross section, (Eq. (63)), by dropping all the partial waves other than 1 S 0 and by retaining only the leading-order Gamow-Teller matrix element, then we have
where I is the relevant radial integral. Since β ∼ 1 and F ∼ 1, if we tentatively treat I as a constant, we have a simple expression
In fact, the electron angular distributions for low incident neutrino energies can be simulated to high accuracy by Eq.(69); see the dotted lines in Fig.4 . Thus, although the radial integral I may in fact depend strongly on the kinetic energy of the NN relative motion, the numerical results for dσ/dΩ k ′ at the low energies can be conveniently simulated by the simple phasespace formula, Eq.(69).
As for the electron double differential cross sections, d 2 σ/dE ′ e dΩ k ′ , Eq.(63), even presenting some typical cases is impractical because of the bulkiness of the tables. We therefore relegate their tabulation completely to the web site the address of which is given in footnote 9.
Neutron energy spectrum and angular distribution
Finally, we consider the neutron energy spectrum, dσ/dT n and the neutron angular distribution, dσ/dΩ n in Eq.(67), for the ν + d → ν + p + n reaction. For E ν = 5, 10, 20, and 50 MeV, we show dσ/dT n in Fig.5 and dσ/dΩ n in Fig.6 . Once again, we relegate a complete tabulation of our numerical results to the web site mentioned in footnote 9. We see from
Figs.5 and 6 that the neutron energy spectrum has a peak near the lower end, and that, unlike the electrons, the neutrons are emitted in the forward direction.
V. DISCUSSION AND SUMMARY
Based on a phenomenological Lagrangian approach (PhLA), we have carried out a detailed study of the ν − d reactions and provided the total cross sections and the differential cross sections for the electrons and neutrons, from threshold to E ν = 170 MeV. We have examined the influence of changes in various inputs that feature in our PhLA. In particular,
we have studied to what extent the use of the modern NN potentials affects the results. We have also examined the influence of the use of the updated input concerning the nucleon weak-interaction form factors. The vertex strength that governs the ∆-excitation axialvector exchange current has been monitored using the photo-reaction. We have also studied the consequence of employing the vertex strength determined with the use of the tritium β-decay strength [22] .
For the solar energy region, E ν < 20 MeV, the results are summarized as follows. By comparing our new results with those in the literature, we have confirmed that the total ν −d cross sections are stable within 1% precision against any changes in the input that have been studied, except for somewhat higher sensitivity to the strength of the ∆-current (see below).
The same stability should also exist for the differential cross sections described in this paper.
The MEX axial-vector current increases the total cross sections by ∼5% from the IA values, and it is extremely unlikely that this 5% increase is completely in error, for we have used the np → γd reaction to monitor the dominant part of the MEX current. Meanwhile,
Carlson et al. [22] , in estimating the solar pp-fusion cross section, used the tritium β-decay lifetime to monitor a vertex strength that features in the Gamow-Teller exchange current.
The results of [22] indicates that adjusting the MEX strength using the tritium β-decay rate could lead to a somewhat reduced MEX amplitude. If we use the ∆-excitation axial current renormalized by the tritium β-decay [22] , the MEX current correction to the IA term, we believe it reasonable to use, as the best estimates of the low-energy νd cross sections, the values given by our standard run and attach to them a possible overall reduction factor κ, with κ ranging from 0.97 to 1. We propose to adopt this error estimate in lieu of using the entire difference between the cross sections given in YHH [8] and KN [10] . We have shown that in the ratio R ≡ σ(NC)/σ(CC) the model dependence is reduced down to the 1% level (see TABLE IV ).
At higher incident neutrino energies, the results obtained in our standard run are somewhat larger than those of KN, and the difference reaches ∼6% towards E ν =150 MeV. This difference is caused largely by the updated value for the axial-vector mass. The effect of relativistic kinematics, as discussed here, has ∼1% effect on the cross sections. The contributions of the isoscalar current, which so far has been totally ignored in the literature, is found to be of 1% even at E ν ≃ 150 MeV. The importance of the MEX currents relative to the IA contributions increases monotonically as E ν augments. Towards E ν =150 MeV, the MEX to IA ratio, [σ(IA + MEX) − σ(IA)]/σ(IA), reaches ∼8% in our standard run while this ratio is ∼4% in the case of ∆(CRSW).
As mentioned earlier in the text, the numerical results of this work are fully documented in tabular or graphical form at the website referred to in footnote 9. It is hoped that those tables and graphs are of value for the ongoing and future neutrino experiments that involve deuteron targets.
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APPENDIX A: PHASE SPACE INTEGRAL AND KINEMATICS
We briefly explain the derivation of the cross section formula Eq.(59) starting from Eq. (45) . The phase space integral in Eq. (59) is
The scattering energy of the final NN distorted wave is given by their center-of-mass energy W N N = P 2 µ . The relative momentum in the center-of-mass system, p ′ µ , is given by Lorenz-transforming the relative momentum in the lab system as [47] 
The magnitude of p ′ is related to W N N as
where M N i is the mass of the i-th nucleon in the final state. The integral over the momentum p ′ L is then replaced by integration over p ′ , which gives rise to a Jacobian [47] , dp
where E ′ i is the energy of the i-th nucleon in the lab system. Although J depends on the direction of p ′ , we approximate it byJ = 1 4π
JdΩ p ′ ; through a plane-wave calculation, we have confirmed that this is a good approximation in the energy region of our concern. The phase space integral is then given as
which leads to Eq.(59).
The kinematically allowed domain of the integral dp ′ dk ′ is determined by a standard procedure. We give here the results for the electron energy spectrum, Eq.(64), for the 
We may specify the allowed region of the electron energy E ′ e by giving the conditions on the electron momentum k ′ ; these conditions are
and
For given values of E ν and E ′ e , the electron scattering angle θ L is restricted as
and the NN scattering energy is specified by p ′ given as
For E ν = 150 MeV, the allowed ranges of cos θ L and p ′ are plotted as functions of E ′ e in Fig.7 and Fig.8, respectively ; the dotted area in each figure represents the allowed region.
At E ′ e = E ′c e , the constraint on θ L sets in and the minimum value of p ′ becomes zero. E ′c e is determined from the condition:
TABLES and electric-dipole amplitudes, respectively. The data are taken either from the neutron capture reaction itself [43] , or from its inverse process [44, 45] , with the use of detailed balance for the latter. 
